REPRESENTATIONS AND THE COLORED JONES 
POLYNOMIAL OF A TORUS KNOT 
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Abstract. We show that for a torus knot the SL(2; C) Chern-Simons invari- 
ants and the SX(2; C) twisted Reidemeister torsions appear in an asymptotic 
expansion of the colored Jones polynomial. This suggests a generalization of 
the volume conjecture that relates the asymptotic behavior of the colored Jones 
polynomial of a knot to the volume of the knot complement. 



1. Introduction. 

In 1985, Jones introduced a knot invariant, the Jones polynomial, by using op- 
erator algebra [15]. It turns out to be a special case of a more general situation. 
In fact for any simple Lie algebra q and its irreducible representation p one can 
define the quantum (g, p) invariant for knots (see for example [35]). Then the Jones 
polynomial is regarded as the quantum (st(2; C), V 2 ) invariant, where V 2 is the 
two-dimensional irreducible representation. 

Then, in 1989, Witten used Chern-Simons theory to describe the Jones poly- 
nomial in terms of path integral }37j and suggested quantum invariants for three- 
manifolds. 

Suppose that we are given a compact Lie group G with Lie algebra q. Let K be 
a knot in the three-sphere S 3 and V an irreducible representation of G. Let A be 
the set of all G-connection on the trivial G-bundle over S 3 . For a G-connection A, 
define the Chern-Simons functional L(A) to be 

L(A) := -!- / Tr(A AdA+ %A A A A A). 

Then Witten proposed the following Feynman path integral as a definition of the 
quantum invariant: 

Z(S 3 ,K) := [ e^ lkUA ^W v {K;A)VA, 

J A 

where Wv(K;A) is the Wilson loop, that is, the trace of the image in V by the 
representation of the element in G given by the parallel transport along K using 
the connection A. 

If G = SU (2) and V is the ./V-dimensional irreducible representation, this dehncs 
the TV-dimensional colored Jones polynomial Jn[K; exp(27iV— l/(fc + 2))). 

Since then many researches about these quantum invariants for knots and three- 
manifolds by both mathematicians and physicists. 
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In 1995, Kashacv defined a yet another knot invariant (K)n by using quantum 
dilogarithm [16], where N is an integer greater than one. Moreover in [17] he 
observed that for a few knots the limit log (\(K)n\) /N gives the hyperbolic volume 
of the knot complement S 3 \ K. He also conjectured this would be true for any 
hyperbolic knot. Here a hyperbolic knot is a knot whose complement possesses a 
complete hyperbolic metric with finite volume. 

J. Murakami and the second author proved that Kashaev's invariant is indeed a 
special value of the colored Jones polynomial [37] ■ More precisely, letting Jn(K: q) 
be the colored Jones polynomial associated with the iV-dimensional irreducible rep- 
resentation of the Lie algebra st(2;C), we showed that Jn(K; exp(2iry/— is 
(essentially) equal to Kashaev's invariant. We also generalized Kashaev's conjecture 
to the following conjecture (Volume Conjecture). 

Conjecture 1.1 (Volume Conjecture, [27]). For any knot, we have 



Here Vol is the simplicial volume (or the Grornov norm) [5] that is normalized so 
that it equals the sum of the hyperbolic volumes of the hyperbolic pieces in the JSJ 
decomposition [13[ I14j of the knot complement. 

Note that we normalize JN(K;q) so that Jm(K] unknot) = 1. 

The volume conjecture has been proved to be true for the following knots and 
links. 

• any torus knot by Kashaev and Tirkkonen [18j . 

• the torus link of type (2, 2m) by the first author |10) . 

• the figure-eight knot by Ekholm (see for example 

• the hyperbolic knot 52 by Kashaev and Yokota, 

• Whitehead doubles of the torus knot of type (2, a) by Zheng [39] . 

• twisted Whitehead links by Zheng [39] . 

• the Borromean rings by Garoufalidis and Le [8], 

• Whitehead chains by van der Veen [36] . 




What happens if we replace the iVth root of unity 2tt^/—1/N with another com- 

plex parameter £/N? Yokota and the second author proved that for the figure-eight 
knot if £ is close to 2tt^— 1, then the limit gives the hyperbolic volume and the 
Chern-Simons invariant of the three-manifold obtained from S 3 by Dehn surgery 
along the figure-eight knot with coefficient given by £ [28] . 

Note that the space of Dehn surgeries along a hyperbolic knot is complex one- 
dimensional [33], and the parameter £ in the colored Jones polynomial can be re- 
garded as a parameter of Dehn surgeries. For a hyperbolic knot, the complete 
hyperbolic structure with finite volume is give by an irreducible representation (ho- 
lonomy representation) of the fundamental group of its complement at the Lie group 
PSL(2; C). Therefore it would be possible to use £ to parameterize representations 



In this paper we show that for torus knots we can relate the colored Jones poly- 
nomial evaluated at exp(£/V) to representations of the fundamental group of a 
knot complement at SL(2;C). Moreover by considering an asymptotic expansion 
of the colored Jones polynomial we can obtain the SL(2; C) Chern-Simons invari- 
ant and the twisted Reidemeister torsion both associated with the corresponding 
representation. 

The paper is organized as follows. In Section [2] we describe the character variety 
of a torus knot, which is used to introduce the twisted Reidemeister torsion and the 






at PSL{2-C) or SX(2;C). 
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Chern-Simons invariant in Sections [3] and IH respectively. In Section [5] we calculate 
an asymptotic behavior of the colored Jones polynomial evaluated at exp(£/iV) for 
N — > oo, and in Section [5] we give topological interpretations of its coefficients. In 
the last section (Section [7]) we give some speculation for general knots giving an 
observation about the figure-eight knot. 

Acknowledgments. The authors would like to thank J. Dubois, V. Muhoz, E. Witten, 
and Y. Yamaguchi for helpful comments. Thanks are also due to the organizers 
of the workshop "Chern-Simons Gauge Theory: 20 years after" held at the Max 
Planck Institute for Mathematics in August 2009 hosted by the Hausdorff Center 
for Mathematics. 

2. SL(2, C) CHARACTER VARIETY OF A TORUS KNOT. 

Let T(a, 6) be the torus knot of type (a, b), where a and b are coprime positive 
integers. Throughout this paper we assume that b is odd. Let X(T(a,b)) be the 
character variety of 7Ti (S 3 \T(a, 6)) of representations of ni (S 3 \T(a, b)) at SX(2,C) 
[I]. So two homomorphisms from 7Ti(5 3 \ T(a,b)) to SX(2,C) are regarded as 
equivalent if and only if they have the same trace. 

We will describe X(T(a,b)) following [23]. 

Let (x, y | x a = y h ) be a presentation of ni(S 3 \ T(a, b)). 

There is a unique reducible component, which is homeomorphic to C by assigning 

(t b \ / t a 

j and y to ( 

Here square brackets mean the class of a representation in the character variety. 

The irreducible characters decompose into (a — 1)(6 — l)/2 components and each 
of them is homeomorphic to C. They are indexed by a pair of integers (a, (3) such 
that 1 < a < o-l, 1 < ft < 6-1, and that a = /3 (mod 2). See also [HI Theorem 1], 
[5J Theorem 2]. A representation with index (a, j3) sends x to an element with trace 
2cos(7ra/a) and y to one with trace 2 cos(tt (3 / b) . 

The closure of the component indexed by (a, (3) intersects the reducible compo- 



nent in two points 



and 



</9 exp(fe 2 7r v / =T/(a6)) 



where 



k% = a (mod a), k\ = —j3 (mod b), 
&2 = a (mod a), hi = j3 (mod b). 
Note that k\ and k,2 are uniquely determined by the formulas above. 

Remark 2.1. Our pair (ki, fc 2 ) is different from Dubois and Kashaev's pair (fc_, fc + ) 

Theorem 2]. They choose k_ and fc + so that = fc + (mod 2). 

Conversely, given a positive integer k that is not a multiple of neither a nor 6, 
we can define a pair (a,/3) such that 1 < a < a — 1, l</3<6 — 1, and a = /3 
(mod 2) as follows: Define a to be the integer that is congruent modulo a to k 
with 1 < a < a — 1, /3' to be the integer that is congruent modulo b to k with 

1 < P' < 6 - 1. If a = /3' (mod 2) then put /3 := /?', and if a ^ (mod 2) then 
put (3 :— b — f3' . Note that since we assume that b is odd (3 always has the same 
parity as a. 

Remark 2.2. If k defines (a, (3) as above, then the pair (fci,fc2) defined by (a, f3) is 
either (k,—k) or (— k, k) (mod ab). So the assignment offcg{neZ|l<n< 
ab - 1, a | n, b f n} to (a, /3) € {/ € Z | 1 < / < a - 1} X {m € Z | 1 < m < b - 1} is 
a two-to-one correspondence. 
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Note that in either case sin 2 (o!7r/a) sin 2 (/37r/&), which appears in the twisted 
Reidemeister torsion (see $6]), does not depend on the definition that we use and 
equals sin 2 (fc7r/a) sm 2 (kw/b). 

3. Twisted Reidemeister torsion for a knot. 

Let K be a, knot in S 3 and p a representation of iri(S 3 \ K) at SL(2;C). Put 
C*(S 3 \ K-p) := Hom zkl(S 3 W )](C >t (S ; 3\^:;Z),s[(2;C)). Here S^K is the uni- 
versal cover of S 3 \ K, C\(S 3 \ K; Z) is regarded as a Z[tti(S 3 \ JsT)]-module by the 
action of the deck transformation and sl(2; C) is regarded as a Z[7Ti(S' 3 \ JsT)]-module 
via the adjoint representation. 

Let {0} -> C° C 1 C 2 C 3 -> {0} be the corresponding cochain 
complex, where C 4 := C^S* 3 \ i-T; p) and cf is the coboundary map induced by the 

boundary map of (S^VftT; Z). Put B l := Image^ 1 ) C C\ Z l := Ker(^) C C\ 
and iT := Zy.B\ 

We choose bases c l of C l and h* of if\ Let h l c 2' be a lift of h l and b* c 
C 1 be a set of elements such that d l (h l ) forms a basis of B l+1 . Since = 
C l /Z l and £P ^ Z l /B\ the set d*- 1 ^ -1 ) Uh'U b 1 forms a basis of C\ Define 
^c? 1_1 (b I_1 ) Uh'U b'^j jc l to be the determinant of the change-of-basis matrix 

from c l to d 1 - 1 ^- 1 ) U /i 1 U h\ 

Then the Reidemeister torsion ([31], [6], [2], [22], [34]) with respect to c* and h 4 
is defined to be 

(3.1) Tor(C*,c*,h*) := ]J [^"(b'-^Uh'Ub'j /c l ' . 

i=0 

It is known that Tor(C* , c*, h*) does not depend on the choice of b 1 and h\ It 
is also known that up to sign it depends only on the choice of h*. (We need a 
cohomological orientation to define the sign but in this paper we do not need it. 
See [31] and [5] for details.) 

To define a basis h 1 of H l we need to choose a simple closed curve on dEx, where 
E K := S 3 \ lnt(N(K)) with N(K) the regular neighborhood of K in S 3 . 

An irreducible representation p is called 7- regular (301 13] for a simple closed curve 
7 C OEk if the following two conditions are satisfied. 

• The homomorphism i* : H 1 (Ek', p) — > /f 1 (7; / o) induced by the inclusion 
i: 7 °-> Ek is injective. Note that H*(Ek] p) is isomorphic to H* (S 3 \K; p). 

• If Tr (p (wi(dE K ))) C {±2}, then p(j) is not ±1, where / is the identity 
matrix. 

If p is 7-regular, then dimff 1 ^ 3 \K;p) = dim H 2 (S 3 \K;p) = l and dim H l (S 3 \ 
K; p) — for i 7^ 1,2 [3] Lemma 2]. So to define the Reidemeister torsion for a 7- 
regular representation p we only need to choose a non-zero element of H 1 (S 3 \ -K"; p) 
and a non-zero element of H 2 (S 3 \ K;p). We use 7 to define such an element of 
H\S 3 \K-p) = E x (E K ;p) and the fundamental class [dE K ] G H 2 (dE K ;Z) to 
define such an element of H 2 {S 3 \ K; p) (for details, see [5j § 3] for example). 

Therefore given a simple closed curve 7 C such that p is 7-regular one can 
define the Reidemeister torsion ([30], [3]) by (|3.1|) up to sign. It is denoted by T^(p) 
and called the twisted Reidemeister torsion. 

It is known that for a torus knot, any irreducible representation is both p- regular 
and A-regular, where p is the meridian, a loop that goes around the knot so that its 
linking number with the knot is one, and A is the preferred longitude, a loop that 
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goes along the knot so that its linking number with the knot is zero [3j Example 1]. 
It is also known that for a hyperbolic knot K, then an irreducible representation 
that defines a hyperbolic Dehn surgery is 7-regular, where 7 is the simple closed 
curve on dEx along which the surgery is performed |30j . 

4. CHERN-SlMONS INVARIANT FOR A KNOT. 

We follow [19] to define the SL(2; C) Chern-Simons invariant. 

For a closed three-manifold M, one can define the SL(2; C) Chern-Simons func- 
tion csm '■ X(M) — > C (mod Z), where X(M) is the SL(2;C) character variety of 
M. Let A be an sl(2; C)-valued 1-form on M with dA + A A A = 0. Then A 
defines a flat connection of M x SL(2; C) and so one can define a representation 
p: iri(M) — > SL(2; C) by holonomy. The Chern-Simons function is defined to be 



If 2 

cs M ([p])~ — n Tr(A AdA+ -AaAaA) e C (mod 
8tH J m 3 



5), 



where [p] is the class of p in X(M). 

Now we assume that M has a boundary which is homeomorphic to a torus. 
Denote by X(dM) the SL(2; C) character variety of the boundary dM. 

We define E(dM) as the quotient space of Hom(7Ti (dM), C) x C* by a group G, 
where 

G := (X, Y, B I XYX^Y- 1 = XBXB = YBYB = B 2 = 1) 
and it acts on Hom(7Ti(<9M), C) x C* by 

X ■ (s,t;z) := (s + 1, i; z exp(-87rv /z Tt))> 
(4.1) Y ■ (s,t;z) := (s, t + 1; z exp(8vrv /3 Ts)), 

B • (s,i;z) := (-s, 

Here a pair (s,t) is identified with the element sj* + t6* € Hom(7Ti(9M), C) with 
a fixed basis (7, S) of 7Ti(<9M) ^ Z ® Z. Then E(dM) becomes a C*-bundle over 
X(dM). Note that X(9M) is identified with HonuVi (dM) , C)/G via the quotient 
map q: Hom(7Ti(aM), C) Hom(7Ti(9M), SX(2; C)) defined by 



?(«) == 



7 H-> 



; 2ttv 



-1k( 7 ) 











-1«( 7 ) 



for 7 € 7ri(5M). 

The Chern-Simons function csm in this case is defined to be a map from X(M) 
to E(dM) such that p o cs^f = i* , where p: E(dM) — > X(dM) is the projection 
and i* : X(M) —> X(dM) is induced from the inclusion map i: dM M. 

E(dM) 




X(M) 



X(dM) 



See [TH § 3] for the precise definition. 

If we have another three-manifold M' with toral boundary, we can construct a 
closed three-manifold M Ug M' by identifying dM with —dM'. Given a represen- 
tation p: MUg M' — > SL(2;C), the Chern-Simons invariant csmu 8 M' ([p]) is given 
by zz' if cs M ([p| M ]) = [s,t;z] and cs M ' ([p| M /]) = [s,t;z'}, where p\ M and p 



IM' 



are the restrictions of p to M and M ' respectively. Note that we use the same basis 
for m(dM) and ni(-dM'). 
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Suppose that M is the complement of the interior of the regular neighborhood of 
a knot K in S 3 . Let p be a representation sending the meridian fi and the longitude 
A to the elements (up to conjugation) shown below. 



p{p) 



cxp(u/2) * 
exp(-u/2) 

exp(i>/2) 







exp(— v/2) 



We also assume that the elements in Hom(7Ti(3M), C) sending /i to u and A to v 
form a basis. Then we introduce the function CS Ujl) ([/?]) as follows. 



■1 



;exp 



-1 



CS u , v ([p}) 



Note that CSu ) «([/o]) is defined modulo 7r 2 Z and that it depends on lifts (u,v) of 
(exp(u/2),exp(t;/2)). 

Remark 4.1. Note that we are using the PSL(2; C) normalization described in [191 
P. 543]. So our cs U)t) ([p]) is —4 times f(u) in [MIES], and Kirk and Klassen's (and 
so Yoshida's [38]) f(u) is x cs«,t,(u). 

5. An asymptotic behavior of the colored Jones polynomial of a 

torus knot. 

In this section we give asymptotic expansions of the colored Jones polynomial of 
a torus knot. 

Let Jpf(K;q) be the ^-dimensional colored Jones polynomial of a knot K. We 
normalize it so that J/v (unknot; q) = 1. So using Wittcn's formulation Jpf(K;q) = 
Z(S 3 , K) /Z(S 3 , unknot) with G = SU{2) and V is the iV-dimensional irreducible 
representation. Note that J2(K;q) — Vr-^ -1 ) for any knot K, where Vj((q) is the 
original Jones polynomial [15] . 

Let A(K; t) be the Alexander polynomial for a knot K. We normalize it so that 
A(K; t) = A(K; t- 1 ) and A(K; 1) = 1. 

Now we consider the torus knot T(a, b). For a complex parameter z, we put 



Ta,b{z) 

Since it is well-known that 

A(T(a,b);t) = 

we have 

T a,b(z) 



2 sinh(z) 
A(T(a,b);e**)- 

_ t -ab/2j p/2 _ r l/2) 

2 sinh(az) sinh(fez) 



sinh(a6z) 

Note that (t 1 / 2 — t^ 1 / 2 )/ A(K; t) can be regarded as the (abelian) Reidemeister 
torsion ([33] Theorem 4],[M] Theorem 1.1.2]). Since we use cohomology to define 
the torsion but Milnor and Turaev use homologyour torsion is the inverse of theirs. 
Let V be the set of poles of T a ^(z), that is, we put 



V := 



-1 



ab 



k e Z,a\ k,b\ k 
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We also put 

1/2 



where 



and 



(2fcvrV^T- ab(f 



Aab 



_ 16sin 2 (/br/a)sin 2 (/c7r/&) 
k ab 

We would like to know an asymptotic behavior of Jn(T(o, 6); exp(£/iV)) for large 
N. 

The case where £ = 2tt\/— 1 corresponds to the volume conjecture (Conjec- 
ture [TTTJ). In this case, Kashaev and Tirkkonen [18] proved the following asymptotic 
expansion. 

J N (T(a, b);exp(2irV-l/N)) 

(ab-a/b-b/a)TT^f=l/{2N) 



2ab 



a* ( i 



k=l 



4^ j\ \4abN 

where a\ is the 2Z-th derivative of 2zsinhz/ A (T(a, 6); e 2z ) = zT a j,(z) at z = 0. 
For a relation to characters of conformal field theory, see [TTj . See also [5] for a 
topological interpretation of this expansion. 

When £ is not an integer multiple of 2ny/—l, we have the following theorem. 

Theorem 5.1. Let £ be a complex number that is not an integral multiple of 2wy/—l. 
We also assume that Im £ > for simplicity. 
If £,/2 (jL V , then we have 



J N (T(a,b);exp(Z/N)) 



(5.1) e (a6- a /6-6/a )e /(4JV) ( » T W> (£ /2) ( ^ x , 

r a ,b(^/2) + 2_ 



2sinh(£/2) I i ! 

i///ien Re £ > and 
(5.2) 

J A r(T(a,6);exp(£/7V)) 

(«6-o/6-&/«)«/(4W) / L«&ICI/(MI ^T (2 %/2)/ £ 

~ 2si, hK /2) £ <- 1 )* + ^» W ) + g^ i (J^ 

w/ien Re£ < as N — > oo 7 where t^P(£/2) is the (2j)th derivative of T a j,(z) at 
z = £/2 and [^J means the largest integer that does not exceed x. 
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£ V (and it is not an integer multiple of ityf—T), then we have 
J N (T(a,b);exp(Z/N)) 

(ab-a/b-b/a)£/(4N) 



•S(?/2) + i(-i) abkl/(2x) ^i/( 2 .)(e;iV) 



(5 .3) 2sinh(£/2) ^ «.» ^ > 2 

o6|£|/(2t0-1 oo J?3)(t /.,, , > / 

+ e (-rwtE^f 1 {A? 

k=l 3=1 J V 

as ./V — > oo, where rj, °(,(£/2) is the constant term of the Laurent expansion ofT a , b (z) 
around z = £/2. 

Remark 5.2. If Re£ > 0, or Re£ < and |£| < 2ir/(ab), then J N (T(a, b); exp(£/JV)) 
converges to r a) 6(£/2)/(2sinh(£/2)) = l/A(T(a, &);exp£). Otherwise it diverges. 
See Figure [1] 

Note that Garoufalidis and Le proved that for any knot K, Jn[K; exp(£/iV)) 
converges to 1/A(K; exp£) when |£| is small enough [7]. 




Figure 1. The colored Jones polynomial converges in the light 
gray area, and diverges in the gray area including the dashed lines 
and semicircle except for V indicated by the white circles. 



Proof of Theorem \5.1\ for £ with non-zero real part. We first prove Theorem 15.11 
where Re£ ^ 0. Recall that we assume Im£ > 0. 

In [18], Kashaev and Tirkkonen proved that Jn (T(a, b); exp(£/iV)) is given by 
the following integral. 

J N (T(a,b)-exp^/N)) = * aM (N) / e ahN ^ '^T a . b (z) dz, 

Jc 

where 

«W(JV0 := _J_./^ e --^/*+(^-a/6-i/-)e/(^) 

2 smh(4/2) y 7r£ 
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and C is the line passing through the origin with slope tan(y), where ip is chosen so 
that (arg£)/2 — 7r/4 < ip < (arg£)/2 + ir/4. Note that this is to make the integral 
converges. 

Let be the line that is parallel to C and passes through £/2 that is the critical 
point of the exponent of the integrand. Then we have 

J N (T(a,b);exp(Z/N)) 
=$a M (N) i^J c e abN ^ 2 /^r a , b {z)dz 

+ 27ry^T^Res (e abN( -- z2 /i+z) T a , b (z); z = knV=l/(abj) J 

k ) 

( [ e abN (~ z2 /^T a , b (z)dz 



2 7 ry^I^(-l) fc + l2sin(fc7r/a) sinh(fc7r/6) exp (n(% + kn^l 



ab \ \ a&£ 

in a similar way to [25], where k runs over integers such that kn^f— T/(ab) is between 
C and C e . 

First we calculate the asymptotic expansion of the integral. Putting w :— z — £/2, 
we have 

abN(-zVi+z) Ta ^ dz= f e -bN(-( W+i /2f/ i+{w+ a2)) Ta b{w + ^ 2)dw 

C 

Jc 

/■oo 

dt. 



e 

c ( Jc 



We use Watson's Theorem, a special case of the steepest descent method, to obtain 
the asymptotic expansion of this integral. 

Theorem 5.3 ([21 (Theorem 7.2.7)). Let g(z) be analytic and bounded on a domain 
containing the real axis. Set f(z) :— J_ e~ zy ^ 2 g(y) dy for z real. Then 

[2tt ( a 2 , 3!!a 4 5!!a 6 
f{z) ~ W — a H 1 5- H r- 

V \ z z z z^ 

as z-> oo, argz = 0, where g(z) — X)^°=o a « 2: ™ ^ear zero. 

Note that this theorem also holds for z with fixed argz with Rez > 0. 

Since arg (e^^/ij = 2cp - arg£, we see Re (abN e 2 *^ 1 / > 0. Therefore 
we have the following asymptotic expansion. 



dt 



abNe 2 ^ 



< __ y (2j - l)!!c 2j 
1 \p (2abNe 2 ^/0 j 



as JV —> oo, where c 2 j is the coefficient of i 2j in the Taylor expansion of 
T a .b (te*^ + £/2) around t = 0. Since c 2j = ' ~* rff (£/2) with t^%/2) 
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the 2jth derivative of T a ,b{z) at £/2, we have 



Tt / r g(2j-l)!!rS ) (e/2) 



afeiVe^v^T y Z—^ (2j)\(2abN/^ 



(2j) 



=e abN£,/A 




K/2) / c 



4aWV / 



Since r^(^/2) = T 0; b(£/2), we finally have the following asymptotic expansion. 
JAr(T(a,6);exp(e/^V)) 



e (ab-a/b-b/a)£/(4N) 



2sinh(£/2) 



r 0l6 K/2)+^— ^ ^— j 

E, , N fc +1 4sin(fc7r/a) sinh(fc7r/6) \/-irN ( ' ( ' k 2 ir 2 , , — - ab£ 



k 

,{ab-a/b-b/a)i/{AN) ( °° T W) (£ /2) / <r 



2sinh(£/2) I ' ^' ' ^ v ' ^' ' ^ j\ \AabN 

k j — 1 

Now we consider the range of k. 

We observe that crosses the imaginary axis at \/^T(Im£ — Re£tan<^)/2, and 
when tp increases from (arg£)/2— 7r/4 to (arg£)/2+7r/4, the crossing point goes from 
V^T (Im£ - Rc£tan((arg£)/2 - tt/4)) to v/=T (lm£ - Re£tan((arg£)/2 + tt/4)) 
downwards (upwards, respectively) if < arg£ < 7r/2 (if 7r/2 < £ < 7r, respectively). 
Note that if 7r/2 < £ < n, Cj can be parallel to the imaginary axis but we avoid 
this. Since 

■y,, *n , ,,n 1 — cos(argf ± 7r/2) 

tan 2 arg£ ) 2 ± tt/4 = — & ^ 7 

1 + cos(arg£ ± 7r/2) 

1 ± sin(arg£) 

l=Fsin(arg£) 

_ (1 ±sin(arg£)) 2 

cos 2 (arg£) 
_ (|£|±Im£) 2 



we have 



and 



tan((arg£)/2± tt/4) 



(Re£)2 ' 

Img±|g| 
Re£ ' 



Im£-Rc£tan((arg£)/2±7r/4) = TiCI- 
So if < arg£ < 7r/2, then the crossing point is between — \/— T|£| and v^— 1|£|, and 
k runs over integers that are not multiples of a or b with 1 < k < M for any integer 
M satisfying < M < a&|£|/(27r). If ir/2 < £ < ir, then the crossing point is above 
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\J — 1|£| or below — \J— and k runs over all integers that are not multiples of a 
or b with 1 < k < M' for any integer M' with M' > afo|^|/(27r). 
So when < arg£ < tt/2, we have 



(5.4) J N (T(a,b);e X p(£/N)) 
( 

e (ab~a/b-b/a)Z/(4N) 



2sinh(£/2) 



l<fc<M, j — 1 

\ a\k,b\k 



\4abN 



for any integer M with < M < ab|£|/(27r). When tt/2 < arg£ < it, we have 



(5.5) J N (T(a,b);exp(£/N)) 
{ 

e (ab-a/b-b/a)Z/(4N) 



2sinh(£/2) 



«/2) / e 



V 



l<fc<M', 

a\k,b\k 



3=1 



4abN 



for any integer M' with M' > a6|£|/(27r). 
Note that since the real part of Sfc(£)/£ is 



ab\ 



k 2 ir 2 
ab\tf 

the real part of the coefficient of N in the exponent in Afc(£;iV) is positive if and 
only if Re£ > and k > a6|£|/(27r), or Re£ < and k < a&|£|/(27r), negative if and 
only if Rc£ > and k < a6|£|/(27r), or Re£ < and k > a&|£|/(27r), and zero if and 
only if k = ab|£|/(27r). 

Therefore in (|5 ,4|) we can ignore all the k since Ak(0;N) decays exponentially, 
and in (|5.5p we can ignore k with k > a&|£|/(27r). Noting that if a or b divides k 
then Afc(£; N) = 0, we finally have 



J N (T(a,b)-,exp(£/Nj) 

e (ab-a/b-b/a)£/(4N) 



2sinh(£/2) 



r a , b (e/2) + E 

3=1 



\4abN 



when Re £ > and 
J N (T(a,b);eMZ/N)) 

e (ab~a/b-b/a)£/(4N) 

2sinh(£/2) 
when Re £ < 0. 



La6|e|/(27r)J 

r a , h (£/2)+ J2 (-l) fc+1 ^-(e;^)+E 
fc=i i=i 



oo _(2j) 
'a,6 



4a67V 
□ 



Remark 5.4. When Re£ < and |£| < 2n/(ab) there is no v4 fe (£;iV) term. When 
Re£ < and |£| = 27r/(afe) the term Ai(£;iV) oscillates. 

Proof of Theorem \5. 1\ for purely imaginary £. If £ is purely imaginary, we have al- 
ready shown the following formulas in [T^l Proposition 3.2]. 
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If Re£ = and £/2 £ V, then we have 
J N (T(a,b);eMZ/N)) 




AabN 



) 



If £/2 is in P but not an integral multiple of 2wy/—l, then we have 



J N (T(a,b);exp(Z/N)) 




where / (£/2) means the constant term of the Laurent expansion of T a b(z) around 
z = £/2. This completes the proof. □ 

6. A TOPOLOGICAL INTERPRETATION OF THE ASYMPTOTIC BEHAVIOR. 

In this section we study a topological interpretation of the term Afc(£; N) (k > 1). 
Given a positive integer k that is not a multiple of a nor b, we associate a pair of 
integers (a, /3) as described in S}2] 

6.1. A topological interpretation of Sfe(£). Let p a ^ be an irreducible represen- 
tation of 7Ti(S' 3 \ T(a, 6)) at SX(2;C) which is in the component of the character 
variety indexed by (a,/3). 

The fundamental group of S 3 \T(a, b) has a presentation m (S 3 \T(a 7 b)) — (x, y | 
x a = y b ). Then the longitude A can be expressed as A = x a fi~ ab , where /i is the 
meridian. Up to conjugation, we may assume that the images of fi and A are as 
follows. 



Since A/x a& = x a and x a = ±1 (sec for example [23l Lemma 2.2]), we have [ = 



If we put m = exp(u/2) and [ = — exp(u/2), we have exp(t>/2) = ± exp(— abu/2). 
Therefore v can be expressed (modulo 2tt\/— 1) in terms of u. We choose —ab(u + 
2-k\J~^\) + 2{k — 1)tt\/— T as such an expression and denote it by Vk(u). 



Using the pair (u, Ufe(tt)) with u := ^ — 2tx\[— T, we can prove that the function 
CS U!l)(c ( u )([/C» Qjj a]) defined in <g]can be expressed in terms of Sk{£,)- 

Theorem 6.1. Let p a ^ be an irreducible representation such that [p a ,p] is in the 




±m 



— ab 




ab(u + 




— 7T 
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with U '.= £ — 2~K\ 
CST(o,6) ([/>«,/?]) = 



-1, that is, the following equality holds, 
u Vk(u) ( 2 



;exp 



■lu- 



uv k (u) 



47TV-1 47TV-1' * \tt\/-1 
Proof. From a formula by Dubois and Kashaev [5j Proposition 4] we have 

(6.1) CS T (a,b)([Pc t ,p]) 

(Bad + eabc) 2 u 



ahu 



47TA 



-l'2 4ttx 



;exp 



4a& 



8tt> 



where integers c and <i are chosen so that ad — be = 1, and e = ±1. Note that we 
are using the PSX(2; C) normalization and so we need to multiply the exponent in 
the third entry by —4. 

Changing the coordinate by using (|4.1[) . we have 

CS T (a.b)([Pa,f3}) 



1 



abu 



k-ab-2 



47T 



u 



1 ' 2 4tt\/^I 

Vk(u) 



47TV-1 47TV-1 
u Vk(u) 

47^^/^T' AnJ~^l 



;exp 



;exp 



-;exp 



-2fc 2 7lV^I 



a 6 



-1 



s k (0 



ab 

abu + (k — l)u 

uv k (u) 



-lu- 



(k — ab — 2)u 



where the first equality follows since k 2 = (f3ad + eabc) 2 (mod ab) and the last 
equality follows since u = £ — 2ii\/—\. Note that the choice of e does not matter 
here. Note also that even if we change the definition of (a, B), the equality still 
holds (Remark □ 



Since Vk(u) 
be determined by Sk(£.) 



1 d£ 



f:=u+27r\ 



2-K\J — 1, we note that CS Ujt , fc ( u )([p ct!( 3]) can 



6.2. A topological interpretation of Tfc. We can show that is the twisted 
Reidemeister torsion associated with the meridian p. 

Lemma 6.2. Let p a ,/3 be an irreducible representation iri(S 3 \T(a,b)) — > SX(2;C) 
whose character belongs to the component indexed by (a, /3) that is determined by 
k as described in |H Then (up to a sign) the Reidemeister torsion (p a ,p) 
associated with the meridian p is given by 

16 . 9 /ira\ . 9 / ttB 

= + — sm z sin z — 



ab 



V a 



Proof. If an irreducible representation p a ^ is in the component indexed by (a, ft), 

Dubois [3j 6.2] proved that the twisted Reidemeister torsion T^ a ' b \p at p) associated 
with the longitude X is given by 



3.2) 



16 



■ sin 



From Remark (ii) to 
(6.3) 



a 2 b 2 

Theoreme 4.1], we have 
d v 



/air\ . , / Bit 
\~~a~) ( T 



T M (p Q . 



P) 



±^T A (p Qi/3 ) 



for an irreducible representation p. Here u and v are parameters as described in 
the previous subsection. Note that we are using cohomological Reidemeister torsion 
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and Porti uses homological one. So our torsion is the inverse of the torsion used in 

ma 

As in the previous subsection v — —abu + 2nir\/—l for a constant So we 

have dv/du = —ab and the lemma follows. □ 

Remark 6.3. In [30] Porti uses the twisted homology instead of the twisted coho- 
mology. So the Reidemeister torsion is the inverse of ours. The authors thank 
J. Dubois for pointing out this. 

Since sin 2 (fc7r/a) sin 2 (fc7r/&) = sin 2 (a7r/a) sin 2 (/37r/fo) fRcmark l2.2[) . we have 
Since is always positive, we have the following theorem. 

Theorem 6.4. Let p a ^ be an irreducible representation of iri (S* 3 \ T(o,&)) at 
SL(2;C), which is in the component indexed by (a,/3) that is associated with an 
integer k as in fJ2J 

Then equals the absolute value of the twisted Reidemeister torsion of p a ^ 
associated with the meridian, that is, we have 



T fc = 



6.3. Remaining factor. There remains a strange factor 2 sinh(£/2) in the asymp- 
totic expression. Recall that we normalize the colored Jones polynomial so that its 
value for the unknot is one. Another (more natural in physics) normalization is to 
put the value for the empty link to be one. In this normalization the colored Jones 
polynomial of the unknot is [N] = (q N l 2 - q- N / 2 )/(q 1 / 2 - q~ 1/2 ). 

Then the factor 2sinh(£/2) comes from the following asymptotic expansion at 
q = exp(£/A) of log [AT]. 

Sinh ^ - 2sinh(g/2)^- Sinh ^ (TTV-. 



sinh(£/(2A0) w '£ 12 v £ 

7. Speculation 

Combining the results of Section [6l for a torus knot K and an appropriately 
chosen parameter £ we have 

' N Y f \ fa r^ N \ (rvK, ^l 2 \ _ 2sinh(£/2) 



A(K;expS) 



where v(x) is a function that converges to 1 when x — ¥ 0, k runs over some irre- 
ducible components of the character variety X(S 3 \ K), pk is an irreducible rep- 
resentation in the component indexed by fc, and determines the 5'L(2;C) 
Chern-Simons invariant CS tlil , fc ( u ) ([pk]) as in Theorem 16.11 We expect a similar 
formula for a general knot. 

Here we just give an observation about the figure-eight knot. 

In [28] Yokota and the second author proved that for the figure-eight knot E, 
the following holds. 



REPRESENTATIONS AND THE COLORED JONES POLYNOMIAL OF A TORUS KNOT 15 



Theorem 7.1 (|28j). There exists a neighborhood U of in C such that for any 
u € (U \ 7r^/— 1Q) U {0}, the following limit exists 

logJ N (E;eM(u + ^V=l)/N)) 
(u + znv— 1) lim -. 

Moreover if we denote the limit by H(u) and put v(u) :— 2 d ^ — 2tt\/— 1, then 
H(u) — iryf— lu — uv(u)/4 coincides with CS u ^ v ( u )([p\), where p is the representation 

ofiri(S 3 \E) at SL(2;C) sending the meridian to ^ ex P(jV 2 ) ex p^* u ^2)^ and the 
longitude to y cx pM u )/ 2 ) _ ^ up to conjugate. 

The SL(2; C) character variety of S 3 \ E has two connected components, the 
abelian one and the non-abelian one. 

Non-abelian representations can be calculated explicitly by using the technique 
described in [35] (see also [25] §3.1]). Let p m ± be the non-abelian representation of 
tti(S 3 \ E) at SL(2; C) sending the meridian to 

' m i/2 1 
mr 1 / 2 , 

and the longitude to 



where 
(7.1) 



l(m) ±l (m 1/2 + m" 1 / 2 ) y/(m + to -1 + 1)(to + to -1 - 3) 

" e(m)^ 1 



TO 2 — TO — 2 — 771 1 1 '■■ 1 



l(m) := 1 V( m + m + 1 )( m + m - 3 )- 

See [26] §3.1] for details. Note that the pair (m,£(m)) is a zero of the A-polynomial 

(7.2) I- (m 2 - m - 2 - m,- 1 + m,- 2 ) 

Remark 7.2. Equation (3.8) in [26] is mistyped. It should be read as 

I - (to 2 - to - 2 - mT 1 + m~ 2 ) + r 1 = 0. 

The authors thank E. Witten, who pointed out this. 

In [3] §6.3] Dubois proves that the twisted Reidemeister torsion Tf(p m ±) asso- 
ciated with the longitude A is given by 

jEi \ _ 1 _ 1 

XyPm±> N /17 + 4Tr(p m± (A)) 2to + 2to-1-1' 

See also [30] §4.5] and @]. 

Therefore from (16.31) the twisted Reidemeister torsion associated with the merid- 



ian /i is 

npE/ \ ,9V l 

^ {pm±) = ± d^ X 2to + 2to-!-1- 
Since in this case e u l 2 = to 1 / 2 and e v l 2 = — ^(m) ±:L , we have 

dv _ ±d(2log£(m))/dm 
du d(logm)/dm 
±2to d l(m) I d to 
= I{m) ' 
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Since the pair (m,£.(m)) is a zero of the A-polynomial, differentiating (|7.2|) by m 
we have 

d£(m) 2m - 1 + mT 2 - 2m~ 3 
dm 1 — l(m)~ 2 

Therefore we finally have 

, ±2 



M r ' ■J (to + m 1 + 1 )(to + m 1 — 3) 
By some computer calculations the following formula seems to hold. 

Jim [ME^/N)) 2 -^Hf ~ ^cxp (H(u)^ (|) 1/2 J^Z) 

2sinh(f/2) 



where v(x) is a function with lim^^o ^(a;) = 1. 

For a hyperbolic knot K, we expect a similar formula. 



A(£;expO 



|^(^ ; exp( ?/w) )^||a _ ^ exp ^| 

2sinh(£/2) 
~ A(£;exp£)' 

where v{x) is a function with lim^^o K 2 -) — 1 and we put u := £— 2n^/— 1. Moreover 
p, -ff (u) and T^(p) satisfy the following properties. Put v(u) := 2 d — 2n\J — 1. 

• p: 7n(5 3 \ if) -> SL(2; C) sends the meridian to ( cx p( u / 2 ) * 

V exp(— it/2) 

and the longitude to | ex P(M M )/ 2 ) * | up to conjugate. 

6 \ -exp(-v(u)/2)J * J 6 

• H{u) — ir\/—lu — uv(u)/4 coincides with CS u „( ll ) ([p]). 

• T^f (p) is the twisted Reidemeister torsion of p associated with the meridian. 
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